Gilbert Baumslag has shown that the standard wreath product of A by B is nilpotent if and only if A and B are /»-groups for the same prime /», A is nilpotent of bounded exponent and B is finite. L. Kaloujnine and Marc Krasner have shown that the standard (unrestricted) wreath product of A by B contains an isomorphic copy of every group G which is an extension of A by B. Thus it follows that any extension subject to the above condition on A and B is nilpotent. In this paper, the author gives an explicit characterization of the terms of the lower central series of a semidirect product W of an abelian group by an arbitrary group. He then establishes a formula for an upper bound on the nilpotency class of tFwhen W is a semidirect product of an abelian /»-group X of bounded exponent by a finite /»-group B. This new bound is given in terms of the exponent of X and the cycle structure of the factor groups of the lower central series of B.
Introduction.
From the results of Gilbert Baumslag [1] and L. Kaloujnine and Marc Krasner [3] it follows that a sufficient condition that an extension group W of X by B be nilpotent is that X and B are /»-groups for the same prime p, X is nilpotent of bounded exponent, and B is finite. It is the object of this paper to establish the best possible upper bound on the nilpotency class of the general semidirect product of X by B where X is an abelian group of exponent pn +1 and B is a finite/»-group. After the preliminaries of §2 an explicit characterization of the lower central series of these semidirect products is formulated in §3. This characterization is then utilized in §4 to establish the new upper bound on the nilpotency class. This upper bound generalizes the formula given by Liebeck [4] for the nilpotency class of the standard wreath product of two abelian /»-groups and substantially improves the bound given by Scruton [7] for the more general case of the standard wreath product of two /»-groups.
Preliminaries.
If gx,..., gn are elements of a group G, then (gx,..., gn)
denotes a commutator element of length n in G. If / is a positive integer, then (gi, tg2) denotes the commutator (gx, g2,..., g2) with g2 appearing as an entry t times. The following commutator identities are well known. (2.1) (i) (x, yz) = (x, z)(x, y)(x, y, z), (ii) (xy, z) = (x, z)(x, z, y)(y, z).
[September If G is any group, then Zt(G), i = 0, 1,2,..., and C(0, /'= 1, 2, 3,..., denote the upper and lower central series of G respectively. An arbitrary ascending central series is denoted A: GQ<GX<G2< • ■ ■. For information on these and other normal series see Philip Hall [2] . If W is an extension of X by 5, then X is assumed to be a normal subgroup of W and W\X%B. If /and / are specified elements, fe A" and t an element of a transversal T of X in W, then, following the simplified notation of Liebeck [4] for wreath products, /=/''.
In case IF is a semidirect product of X by 5, then 5 is assumed to be a subgroup of W and F is replaced by 5 itself.
The following lemma is a generalization of Liebeck [4, Lemma 3.1]. There is a slight correction in the sign of certain exponents, however this correction does not affect the divisibility properties discussed in Theorem 2. (i) (/ rb) = \ for rZpk + n(p-l)pk~1, and (ii) (/ rb) has order dividingpt for tfín andr^pk + (n -t)(p-l)pk~1.
3. The lower central series of certain semidirect products. Lemma 3.1 gives a generalization of [7, Lemma 4.1] and is easily verified using the definition of commutator elements and the identities of (2.1).
Lemma 3.1. Let W be an extension of the abelian group X by the group 5. Let g, gt e W, x, x0, x¡ e Xand wi=gixifor i=l,..., s. Then (i) ig,x) = ix-\g), (ii) (x0, gx) = (x0, g) and (xx", g) = (x, g)(x0, g), and (iii) (xx0, wx,..., ws) = (x, gx,.. .,gs)(x0, gx,.. .,gs).
Lemma 3.2. If W is an extension of the abelian group X by the group B, T is a transversal of X in W, and tx, t2eT and xx, x2 6 X, then (txxx, t2x2) e Wi2) has the expansion (h, t2)(x2\ tx)(x2\ tx, (tx, ?2))(x2-1, (tx, t2))(xx\ (tx, t2))(xx, t2).
Proof. Expand by the identities of (2.1) and apply Lemma 3.1. and c e Y\ï~=\ (X, Bm, (t-1 -k)B), then for bx e W, 4. An upper bound for the nilpotency class of certain semidirect products. In this section a new upper bound for the class of a semidirect product of an abelian /»-group of bounded exponent by a finite /»-group is calculated. Definition 4.2 establishes the parameters of the finite /»-group that are to be used in calculating this bound. where the p(i, _/)'s indicate the descending powers of the specified prime number/?, then we make the following definitions dependent upon A : Proof. The proof is accomplished by first expressing each bt in terms of its representation with respect to 5(A) and then applying the identities of (2.1) and Lemma 
3.1.
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The following lemma gives an equation for rearranging the entries from B in special commutators and facilitates the commutator calculations to follow. Lemma 4.6. Let W be a semidirect product of the abelian group X by the group B withfe X and bx, b2 e B. Then ifc = (bx 1, b2 *), (f bx, b2) = (/, c)(f c, bx)(f c, b2)(f c, b2, bx)(f b2, bx).
Proof. If c = (bx1, b^1), then bxb2 = cb2bx. By the identities of (2.1) and Lemma 3.1 (fbxb2) = (fb2)(f,bx)(fbx,b2) and (/, cb2bx) = (/, bx)(f, b2)(f, b2, bx)(f c)(f c, b2)(f c, bx)(f c, b2, bx).
Therefore, since all factors are in XS W, the factors commute and the result follows. has order dividing p* whenever
The procedure is by induction on n as follows.
If n = 0, then some bXJUo), 1^/0 = M» must appear as an entry in c* at least p(l,Jiio)) times and by Lemma 4.6 all entries equal bXJ<¡0} may be assumed to follow /in the commutator c*. Then by Corollary 2.3, (/ pil,Jiio))bXja0))= 1 and hence it follows that c*= 1. This establishes the result for « = 0 since 0^/^«.
Assume the result for all commutator elements c having/e X of order dividing ps + 1, s^n, whenever
Now let c be a special commutator element with/e X of order dividing pn + 2 and
for some subset {j(l),.. .,y'(")}-{F-• -, r(l)}. Again, some entry bx¡Ma) of c* = if, kil)bx¡x,..., A:(r(l))èlir(1)) must occur as an entry at least pil,jii0)) times and we choose r(/0) such that Proof. The proof is by induction on n and s. The result is first verified for all s when n = 0, then assuming the theorem for a given «ä0 and all s, the result is verified for n+l and s, l<s^L. Therefore c', and thus c, is equal to 1 since (As+1.y0)p(s + 1,,o) e Bs. Using the inductive assumption forja 0 in place of the induction hypothesis for s in the above argument gives the conclusion for ally and thus completes the proof for n = 0. We now assume the theorem for all special commutators with/of order dividing pn + 1 and observe that Lemma 4.9. gives the desired conclusion for special commutators having/of order dividingpn + 2 and 5= 1. Thus, we assume the divisibility pL-a-k + 2) + i+q_k = pk-i+q_k ^ q for all k
The following example illustrates the improvement of Theorem 4.11 over the upper bound of Scruton [7, Lemma 4.6] which was calculated for wreath products a special type of semidirect product.
Example 4.12. Let A be an abelian group of exponent pn + 1 and B the relatively free nilpotent group of class 3, generated by three elements, and of exponent p.
Then (see [6, Let Wbe the standard wreath product of A by B (see [1] , [4] , or [7] ). Then Wisa semidirect product of an abelian group of exponent pn + 1 by B and hence by 
